MTH 4441 Test #2 - Solutions
Farr 2021

Pat Rossi Name

1. Define - Cyclic group

A group (G, *) is a cyclic group, exactly when 3z € G such that G = {nx : n € Z}
(additive notation), or G = {z" : n € Z} (multiplicative notation). In such a case, we
write: (r) = (G, *), and we say that “z is a generator of (G, *),”or that “(G, %) is
generated by x.”

2. Define - Direct Product of groups (G, *¢) and (Hxp)

Given groups (G, 1) and (H, *3) , the direct product of groups G x H, together with
the inherited operations %; and *5, form a group (G x H,*), where * is the operation
x1 on the first coordinate and * is the operation *; on the second coordinate.

3. Define - Isomorphism

Given groups (G, *¢) and (H, g ), and a function f : (G, *g) — (H,*y), the function
f is said to be an isomorphism exactly when:

1) f is one to one and onto, and

2) f (91 *G 92) =f (91) i f(92)

In this case, groups (G, *¢) and (H,*p) are said to be isomorphic, and we write
(G7 *G) = (H7 *H) :

4. Prove or Disprove: (R, +) is a cyclic group
This is False.

pf/ If (R, +) were a cyclic group, then (Q, +) would be cyclic also, since every subgroup
of a cyclic group is cyclic also.

But (Q,+) is NOT cyclic.

Hence, (R, +) is not cyclic. B



Alternatively:

Suppose, for the sake of deriving a contradiction, that (R, +) is cyclic.
Then 3r € R such that (r) = (R, +)

Thus every real number can be expressed as nr, for some n € Z.

Since 7Z is countably infinite, there are only countably infinitely many values of n, and
hence only countably infinitely many values of nr.

This implies that R is countably infinite, contradicting the well known fact that R is
uncountable.

Since the assumption that (R,+) is cyclic leads to a contradiction, the assumption
must be false.

Hence, (R, +) is not cyclic.l

Alternatively:

Suppose, for the sake of deriving a contradiction, that (R, +) is cyclic.
Then 3r € R such that (r) = (R, +)

This means that every positive rational number must be of the form n (r), for some
r € R.

What about the real number 7 7
Since r generates R, 5 = nr, for some r € R.
But nr =3 =n= 1 contradicting the fact that n € Z.

2

Since this contradiction is a consequence of our assumption that (R, +) is cyclic, the
assumption must be false.

Hence, (R, +) is NOT cyclic B



5. Prove or Disprove: (Q,+) is a cyclic group
This is False.
pf/ Suppose, for the sake of deriving a contradiction, that (Q, +) IS cyclic.
Then 3 a,b € Z such that (¢) = (Q, +)

This means that every positive rational number must be of the form n (
n € Z.

a
b) , for some

What about the rational number 5 ?
Since { generates Q, 3; = n (%) , for some n € Z.
But n (%) =g > n= % contradicting the fact that n € Z.

Since this contradiction is a consequence of our assumption that (Q, +) is cyclic, the
assumption must be false.

Hence, (Q,+) is NOT cyclic
6. Prove: (R,+) = (R*,)
pf/ We claim that: f:R — R, given by f (x) = e” is our isomorphism.
Note that f~!: RT — R, given by f~! (z) = In (z), is the inverse of f
(fof 1) :Rt — RT is such that (fo f7!) = 1g+
and
(f'of):R—Rissuchthat (f 1o f)=1g
Hence, f: R — R, given by f (z) = e” is one to one and onto.

To show that f is an isomorphism and that (R, +) and (RT,-) isomorphic, we need to
show that:

f(ritmre)=f(r) f(r)
Observe: f(r; +1r) =™ =¢e™-e? = f(r1)- f(r2)

Hence, (R, +) and (R",-) are isomorphic. B



Alternatively:
We can show that f: (RT,-) — (R,+), given by f (x) = In(x) is an isomorphism.

Note that ¢g : (R,4+) — (R*,-), given by g (z) = €%, is such that (go f) : (R",:) —
(R*,-) is the identity on (R*, ).

Hence, f : (RT,:) — (R, +) is one to one and onto.
Next observe: f(x1-x2) =1In (21 x2) =In(x1) +1In(z2) = f (z1) + f (22)

Thus, f is an isomorphism. H

In Exercises 7-10, determine whether the two groups are isomorphic. If they aren’t, give at
least one reason why. If they are, justify your answer either by exhibiting an isomorphism
between the two groups, or by proving that they are isomorphic by some other method.

7. (2Z,+) and (3Z,+).
ARE isomorphic.
f:Z — 27, given by f (n) = 2n is clearly one to one and onto.
f(ny+mn2)=2(ng+n2) =2n1+2ny = f(n1) + f (no)
e, f(n1+n2)=f(n)+ f(no)

Thus, (2Z,+) = (3Z,+) 1A



8. (Zg X Zs,®) and the group (G, x) whose group table is given below:
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They are NOT isomorphic.

Note that every element of (Zy X Zsy, @) is its own inverse. This is not true for (G, %) . a
and c are not their own inverses.

Alternatively, note that (G,x*) is cyclic with generators a and c. In (Zy X Zy, @),
every element has order 2 (or less), and therefore (Zy X Zy, @) can’t be cyclic. B

9. The groups (G, *) and (H, %), whose group tables are given below:

#|efalb]c #elalb]c
ellelalb]c ellelalb]|c
allalb|cle allalc|el|b
blblcle|a bllble|c|a
clclelalbd cllelblale

These groups ARE isomorphic.
(G, *) is cyclic with generators a and ¢, and (H, %) is cyclic with generators a and b.
Furthermore, both groups are of order 4. (i.e., |G| =4 = |H)|

Since both groups are cyclic and of the same order, they are isomorphic. B



10. The groups (Zg, ®) and (H, ), whose group tables are given below:

©ol1][2][3]4]5 #elalblcld|f
01012345 elelalblc|d]f
111(2(3/4]5]0 alalbleld]|f]|c
2123|415 (0/1 bilblela|f|lc|d
313[4]5(0]1]2 cllelfld|lel|b]a
4 1415101123 did|c|flale]|b
5151011234 fllfldlc|blale

These groups are NOT isomorphic.
Note that (Zg, ®) is cyclic and the elements 1, 2, 3, 4, 5 are all generators.

(H, ) is NOT cyclic, since (H, x) is a group of order 6 and no element has order greater
than 3.

Alternatively, note that (Zg, @) is abelian (commutative), whereas (H,x) is NOT
abelian (NOT commutative). For example, d* f =bbut f*xd=a. B



11. Given the group table for (G, ), find all of the subgroups of (G, ) and justify your
answers. Draw a subgroup diagram for (G, ) .

*He‘a‘b‘c‘d
ellelalblc|d
allalb|cl|d]e
bilblc|d|ela
clleld|elalb
dild|le|al|b]|c

To start off, we acknowledge that ({e},*) and (G, *) are subgroups of (G, ) .
If there are other subgroups (H, x), then |H| must divide |G]|.

But |G| =5

= |H|=1or = |H| =5.

Thus, we have already accounted for all possible subgroups of (G, *) .

Hence ({e},*) and (G, *) are the only subgroups of (G, x) .

Our subgroup diagram is below:

(G,*)

(1€}.%)



12. Construct the group table for (Z4,®), and then find all of the subgroups of (Z4, ®)
and justify your answers. Draw a subgroup diagram for (Z4, ®) .

Note that (Z4,®) = ({0,1,2,3},®), where & is addition modulo 4

ello]1]2]3
0 Jol1]2]3
1 1l2]3]0
2 273101
33012

To start off, we acknowledge that ({0}, ®) and (Z4, &) are subgroups of (Z4, ) .
If there are other subgroups (H, @), then |H| must divide |Z,] .

Since |Z4| = 4, this implies that |H| = 1,2, or 4.

So we are looking for subgroups of order 2.

Such a subgroup would consist of the identity and an element of order 2 (i.e., an
element that is its own inverse.)

From the group table, we can see that 2 is the only element, other than the identity,
that fits this description.

Thus, ({0,2},®) is the only subgroup of order 2.

This exhausts all possibilities.

The subgroups of (Z4, ®) are ({0}, ®), ({0,2},®), and (Z4, D) .

(Z,,8)

{02}.,e)

({0}9)



13. Calculate the order of the element (4,9) in the group Zig X Zg

0(4) is the order of 4 as an element of Zg

_ 18 _ 18 _
0(4) = ged(4,18) — 2 9

0(9) is the order of 9 as an element of Zg

_ 18 18 _
0(9) = scd(o18) — 9 — 2

0(4,9) is the order of (4,9) as an element of Z;g x Zs

0(4,9) =lem (0(4),0(9) =lem (9,2) = G5 = T =18

0(4,9) =18

(Note: lem (a, b) is the least common multiple of a and b. lem (a, b) = ﬁib))

(Note: o(m) in Z,, is given by aed(rrm the least common multiple of a and b. lem (a,b) =
ab )

ged(a,b)




14. Calculate the order of the element (8,6,4) in the group Zg X Zg X Zsg

0(8) is the order of 8 as an element of Zg

_ 18 _ 18 _
0(8) = ged(3.18) — 2 9

0(6) is the order of 6 as an element of Zg

©

0(6) = —

gcd(6,9) 3= 3

0(4) is the order of 4 as an element of Zg

[ee]

0(4) 8

- ged(4,8) — 1 2
0(8,6,4) is the order of (8,6,4) as an element of Zg X Zg X Zg

0(8,6,4) =lem (0(8),0(6),0(4)) =1em (9,3,2) = lem (lem (9, 3) , 2)

I
N
I

©

lem (9, 3) = —gcc?(-g,?s) 3

lem (lem (9,3),2) =lem (9,2) = 35 = § = 18

0(8,6,4) =18
(Note: lem (a, b) is the least common multiple of a and b. lem (a, b) = ﬁib))
(note also: lem (a, b, ¢) = lem (lem (a, b) , ¢))
(Note: o(m) in Z,, is given by aed(rrm the least common multiple of a and b. lem (a,b) =

ab
ged(a,b) )
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